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Two recent publications have reported intriguing analyses, tentatively suggesting that some aspects of 
IceCube data might be manifestations of quantum-gravity-modiﬁed laws of propagation for neutrinos. We 
here propose a strategy of data analysis which has the advantage of being applicable to several alternative 
possibilities for the laws of propagation of neutrinos in a quantum spacetime. In all scenarios here of 
interest one should ﬁnd a correlation between the energy of an observed neutrino and the difference 
between the time of observation of that neutrino and the trigger time of a GRB. We select accordingly 
some GRB-neutrino candidates among IceCube events, and our data analysis ﬁnds a rather strong such 
correlation. This sort of study naturally lends itself to the introduction of a “false alarm probability”, 
which for our analysis we estimate conservatively to be of 1%. We therefore argue that our ﬁndings 
should motivate a vigorous program of investigation following the strategy here advocated.
© 2016 Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
The prediction of a neutrino emission associated with gamma 
ray bursts (GRBs) is generic within the most widely accepted as-
trophysical models [1]. After a few years of operation IceCube still 
reports [2] no conclusive detection of GRB neutrinos, contradicting 
some inﬂuential predictions [3–6] of the GRB-neutrino observation 
rate by IceCube. Of course, it may well be the case that the ef-
ﬁciency of neutrino production at GRBs is much lower than had 
been previously estimated [7–9]. However, from the viewpoint of 
quantum-gravity/quantum-spacetime research it is interesting to 
speculate that the IceCube results for GRB neutrinos might be 
misleading because of the assumption that GRB neutrinos should 
be detected in very close temporal coincidence with the associ-
ated γ -rays: a sizeable mismatch between GRB-neutrino detection 
time and trigger time for the GRB is expected in several much-
studied models of neutrino propagation in a quantum spacetime 
(see Refs. [10–19] and references therein).
This possibility was preliminarily explored in Ref. [18] using 
only IceCube data from April 2008 to May 2010, and focusing on 
3 weak but intriguing candidate GRB neutrinos (see Refs. [20,21]): 
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seconds before the trigger of GRB090417B, a 3.3 TeV neutrino 
6.11◦ off GRB 090219 and detection time 3594 seconds before the 
GRB 090219 trigger, and a 109 TeV neutrino 0.2◦ off GRB091230A 
and detection time some 14 hours before the GRB091230A trigger. 
The analysis reported in Ref. [18] would have been more intriguing 
if the 109 TeV event could be viewed as a promising cosmological-
neutrino candidate, but for that event there was a IceTop-tank 
trigger coincidence. A single IceTop-tank trigger is not enough to 
ﬁrmly conclude that the event was part of a cosmic-ray air shower, 
but of course that casts a shadow on the interpretation of the 
109-TeV event as a GRB neutrino.
Unaware of the observations reported in Ref. [18], recently 
Stecker et al. reported in Ref. [19] an observation which also might 
encourage speculations about neutrino propagation in quantum 
spacetime. Ref. [19] noticed that IceCube data are presently consis-
tent with a ∼ 2 PeV cutoff for the cosmological-neutrino spectrum, 
and that this could be due to novel processes (like “neutrino split-
ting” [10,19]) that become kinematically allowed in the same class 
of quantum-spacetime models considered in Ref. [18].
The study we are here reporting was motivated by these previ-
ous observations of Refs. [18] and [19]. Like Ref. [18] our focus is 
on the hypothesis of GRB neutrinos with quantum-spacetime prop-
erties, also exploiting the fact that, while Ref. [18] was limited to 
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sue we wanted to face is indeed related to the amount of IceCube 
data: as studies like these start to contemplate larger and larger 
groups of “GRB-neutrino candidates” some suitable techniques of 
statistical analysis must be adopted, and (unlike Refs. [18] and 
[19]) we wanted to devise a strategy of analysis applicable not 
only to one “preferred model”, but to a rather wide class of sce-
narios for the properties of the laws of propagation of neutrinos in 
a quantum spacetime.
As discussed more quantitatively below, the effects on prop-
agation due to spacetime quantization can be systematic or of 
“fuzzy” type. Combinations of systematic effects and fuzziness are 
also possible, and this is the hypothesis most challenging from the 
viewpoint of data analysis. We came to notice that in all these sce-
narios one should anyway ﬁnd a correlation between the energy of 
the observed GRB neutrino and the difference between the time of 
observation of that neutrino and the trigger time of the relevant 
GRB. Intriguingly our data analysis ﬁnds a rather strong such cor-
relation, and we therefore argue that our ﬁndings should motivate 
a vigorous program of investigation following the strategy here ad-
vocated.
2. Quantum-spacetime-propagation models and strategy of 
analysis
The class of scenarios we intend to contemplate ﬁnds moti-
vation in some much-studied models of spacetime quantization 
(see, e.g., [10–17] and references therein) and, for the type of data 
analyses we are interested in, has the implication that the time 
needed for a ultrarelativistic particle1 to travel from a given source 
to a given detector receives a quantum-spacetime correction, here 
denoted with t . We focus on the class of scenarios whose pre-
dictions for energy (E) dependence of t can all be described 
in terms of the formula (working in units with the speed-of-light 
scale “c” set to 1)
t = ηX E
MP
D(z) ± δX E
MP
D(z) . (1)
Here the redshift- (z-)dependent D(z) carries the information on 
the distance between source and detector, and it factors in the in-
terplay between quantum-spacetime effects and the curvature of 
spacetime. As usually done in the relevant literature [10–12] we 








 + (1+ ζ )3m
, (2)
where  , H0 and 0 denote, as usual, respectively the cosmo-
logical constant, the Hubble parameter and the matter fraction, for 
which we take the values given in Ref. [24]. With MP we denote 
the Planck scale ( 1.2 · 1028 eV) while the values of the parame-
ters ηX and δX in (1) characterize the speciﬁc scenario one intends 
to study. In particular, in (1) we used the notation “±δX ” to re-
ﬂect the fact that δX parametrizes the size of quantum-uncertainty 
(fuzziness) effects. Instead the parameter ηX characterizes system-
atic effects: for example in our conventions for positive ηX and 
1 Of course the only regime of particle propagation that is relevant for this 
manuscript is the ultrarelativistic regime, since photons have no mass and for the 
neutrinos we are contemplating (energy of tens or hundreds of TeVs) the mass is 
completely negligible.
2 The interplay between quantum-spacetime effects and curvature of spacetime 
is still a lively subject of investigation, and, while (2) is by far the most studied 
scenario, some alternatives to (2) are also under consideration [23].δX = 0 a high-energy neutrino is detected systematically after a 
low-energy neutrino (if the two neutrinos are emitted simultane-
ously).
The dimensionless parameters ηX and δX can take different 
values for different particles [10,17,25,26], and it is of particular 
interest for our study that in particular for neutrinos some argu-
ments have led to the expectation of an helicity dependence of 
the effects (see, e.g., Refs. [10,25] and references therein). There-
fore even when focusing only on neutrinos one should contem-
plate four parameters, η+ , δ+ , η− , δ− (with the indices + and 
− referring of course to the helicity). The parameters ηX , δX are 
to be determined experimentally. When non-vanishing, they are 
expected to take values somewhere in a neighborhood of 1, but 
values as large as 103 are plausible if the solution to the quantum-
gravity problem is somehow connected with the uniﬁcation of 
non-gravitational forces [10,27,28] while values smaller than 1 
ﬁnd support in some renormalization-group arguments (see, e.g., 
Ref. [29]).
Presently for photons the limits on ηγ and δγ are at the level 
of |ηγ |  1 and δγ  1 [30,31], but for neutrinos we are still sev-
eral orders of magnitude below 1 [10,19]. This is mainly due to the 
fact that the observation of cosmological neutrinos is rather recent, 
still without any ﬁrm identiﬁcation of a source of cosmological 
neutrinos, and therefore the limits are obtained from terrestrial 
experiments3 (where the distances traveled are of course much 
smaller than the ones relevant in astrophysics).
For reasons that shall soon be clear we ﬁnd convenient to in-
troduce a “distance-rescaled time delay” t∗ deﬁned as
t∗ ≡ t D(1)
D(z)
(3)
so that (1) can be rewritten as
t∗ = ηX E
MP
D(1) ± δX E
MP
D(1) . (4)
This reformulation of (1) allows to describe the relevant quantum-
spacetime effects, which in general depend both on redshift and 
energy, as effects that depend exclusively on energy, through the 
simple expedient of focusing on the relationship between t and 
energy when the redshift has a certain chosen value, which in 
particular we chose to be z = 1. If one measures a certain t
for a candidate GRB neutrino and the redshift z of the relevant 
GRB is well known, then one gets a ﬁrm determination of t∗
by simply rescaling the measured t by the factor D(1)/D(z). 
And even when the redshift of the relevant GRB is not known 
accurately one will be able to convert a measured t into a de-
termined t∗ with accuracy governed by how much one is able 
to still assume about the redshift of the relevant GRB. In par-
ticular, even just the information on whether a GRB is long or 
short can be converted into at least a very rough estimate of red-
shift.
Of course a crucial role is played in analyses such as ours by the 
criteria for selecting GRB-neutrino candidates. We need a tempo-
ral window (how large can the t be in order for us to consider a 
IceCube event as a potential GRB-neutrino candidate) and we need 
criteria of directional selection (how well the directions estimated 
for the IceCube event and for the GRB should agree in order for 
us to consider that IceCube event as a potential GRB-neutrino can-
didate). While our analysis shall not include the above-mentioned 
109-TeV neutrino (from Ref. [18]), we do use it to inspire a choice
3 Supernova 1987a was rather close by astrophysics standards and the signal de-
tected in neutrinos was of relatively low energy.
320 G. Amelino-Camelia et al. / Physics Letters B 761 (2016) 318–325Fig. 1. Here we illustrate the different expectations one should have for the cor-
relation on which we focus, assuming all neutrinos are just background neutrinos 
(black), assuming 10% of neutrinos are background while 90% are GRB neutrinos 
with η+ = η− = 0, δ+ = δ− = 5 (blue), or assuming 10% of neutrinos are back-
ground while 90% are GRB neutrinos with |η+| = |η−| = 15, δ+ = δ− = 5 (red). The 
probability densities were computed assuming that the spectrum of the neutrinos 
decreases quadratically with energy (E−2) between 60 and 500 TeV, that the neutri-
nos would be observed only if within a 3-day window of the relevant GRB, and, for 
simplicity, that all relevant GRBs are exactly at redshift of 1. This probability den-
sities were obtained for the hypothetical case of 50 candidate GRB neutrinos. The 
ﬁgure shows that 50 candidate GRB neutrinos would be enough for the most likely 
correlation outcome in the scenario with η+ = η− = 0, δ+ = δ− = 5 to be a rather 
unlikely outcome for the “pure-background hypothesis.” Actually, much less than 50 
candidate GRB neutrinos would be enough for the most likely correlation outcome 
in the scenario with |η+| = |η−| = 15, δ+ = δ− = 5 to be a very unlikely outcome 
for the pure-background hypothesis. (For interpretation of the references to color in 
this ﬁgure legend, the reader is referred to the web version of this article.)
of the temporal window: assuming a 109-TeV GRB neutrino could 
be detected within 14 hours of the relevant GRB trigger time, an 
analysis involving neutrinos with energies up to 500 TeV should 
allow for a temporal window of about 3 days, and an analysis in-
volving neutrinos with energies up to, say, 1000 TeV should allow 
for a temporal window of about 6 days. Considering the rate of 
GRB observations of about 1 per day, we opt for focusing on neu-
trinos with energies between 60 TeV4 and 500 TeV, allowing for 
a temporal window of 3 days. Widening the range of energies 
up to, say, 1000 TeV would impose us indeed a temporal win-
dow of about 6 days, rendering even more severe one of the key 
challenges for this sort of analysis, which is the one of multiple 
GRB candidates for a single IceCube event. As directional crite-
ria for the selection of GRB-neutrino candidates we consider the 
signal direction PDF depending on the space angle difference be-
tween GRB and neutrino: P (ν, GRB) = (2πσ 2)−1 exp(−|xν−xGRB|2
2σ 2
), 
a two dimensional circular Gaussian whose standard deviation is 
σ =
√
σ 2GRB + σ 2ν , asking the pair composed by the neutrino and 
the GRB to be at angular distance compatible within a 2σ re-
gion.
A key observation for our analysis is that whenever η+ , η− , 
δ+ , δ− do not vanish one should expect on the basis of (4) a cor-
relation between the |t∗| and the energy of the candidate GRB 
neutrinos. The interested reader will immediately see that this is 
obvious when δ+ = δ− = 0. It takes only a little bit more think-
ing to notice that such a correlation should be present also when 
δ+ = 0 and/or δ− = 0 with η+ = η− = 0, as a result of how the 
fuzzy effects have range that grows with the energy of the GRB 
neutrinos. We provide support for this conclusion in Fig. 1.
4 The 60-TeV lower limit of our range of energies is consistent with the anal-
ogous choice made by other studies whose scopes, like ours, require keeping the 
contribution of background neutrinos relatively low [22,32].Table 1
Among the 21 “shower neutrinos” with energy between 60 and 500 TeV observed 
by IceCube between June 2010 and May 2014 only 9 ﬁt our directional and tempo-
ral criteria for GRB-neutrino candidates, and yet for 3 of them there is more than 
one GRB to be considered when pairing up neutrinos and GRBs. The last column 
highlights with an asterisk the 9 GRB-neutrino candidates ultimately selected by our 
additional criterion of maximal correlation. Also shown in table are the values of 
redshift attributed to the relevant GRBs: the redshift is known only for GRB111229A 
and GRB110503A (plus GRB131117A, which however ends up not being among the 
GRBs selected by the maximal-correlation criterion). GRB111229A and GRB110503A 
are long GRBs and we assume that the average of their redshifts (1.497) could be 
a reasonably good estimate of the redshifts of the other long GRBs relevant for our 
9 GRB-neutrino candidates. These are the 6 estimated values of redshift z = 1.497∗ , 
the asterisk reminding that it is a “best guess” value. For analogous reasons we 
place an asterisk close to the value of 0.6 which is our best guess for the redshift of 
the only short GRB in our sample. The ﬁrst column lists the “names” given by Ice-
Cube to the neutrinos that end up being relevant for our analysis. Also notice that 
5 of our GRB-neutrino candidates are “late neutrinos” (t∗ > 0), while the other 4 
are “early neutrinos” (t∗ < 0): this might be of interest to some readers but plays 
no role in our study since our correlations involve the absolute value of t∗ .
E [TeV] GRB z t∗ [s]
IC9 63.2 110503A 1.613 50227 *
IC19 71.5 111229A 1.3805 53512 *
IC42 76.3 131117A 4.042 5620
131118A 1.497* −98694 *
131119A ? −146475
IC11 88.4 110531A 1.497* 124338 *
IC12 104.1 110625B 1.497* 108061 *
IC2 117.0 100604A ? 10372
100605A 1.497* −75921 *
100606A ? −135456
IC40 157.3 130730A 1.497* −120641 *
IC26 210.0 120219A 1.497* 153815 *
120224B ? −117619
IC33 384.7 121023A 0.6* −289371 *
3. Results
Our data set5 is for four years of operation of IceCube [22], 
from June 2010 to May 2014. Since the determination of the en-
ergy of the neutrino plays such a crucial role in our analysis we 
include only IceCube “shower events” (for “track events” the re-
construction of the neutrino energy is far more problematic and 
less reliable [33]). We have 21 such events within our 60–500 TeV 
energy window, and we ﬁnd that 9 of them ﬁt the requirements 
introduced in the previous section for candidate GRB neutrinos. 
The properties of these 9 candidates that are most relevant for our 
analysis are summarized in Table 1 and Fig. 2.
In commenting Table 1 we start by noticing that for some Ice-
Cube events our selection criteria produce multiple GRB-neutrino 
candidates (and the situation would have been much worse if 
we had considered a wider energy range and a correspondingly 
wider temporal window). Since we have two cases with 3 possible 
GRB partners and one case with a pair of possible GRB partners, 
we must contemplate 18 alternative descriptions of our 9 GRB-
neutrino candidates. As neutrino telescopes gradually accrue more 
and more such events the number of combinations to be consid-
ered in analyses such as ours will grow very large. We propose 
that in general this issue of multiple candidates should be han-
dled, consistently with the nature of the hypothesis being tested, 
by focusing on the case that provides the highest correlation. This 
might appear to introduce a bias toward higher values of the cor-
relation, but, as we shall soon argue, the signiﬁcance of such an 
analysis is not given by the correlation itself but rather requires the 
evaluation of a “false alarm probability”, and for the false alarm 
5 Both IceCube-neutrino data and GRB data used for this study were gathered 
from https :/ /icecube .wisc .edu /science /tools.
G. Amelino-Camelia et al. / Physics Letters B 761 (2016) 318–325 321Fig. 2. Points here in ﬁgure correspond to the 9 GRB-neutrino candidates highlighted 
with an asterisk in the last column of Table 1. Blue points correspond to “late neu-
trinos” (t∗ > 0), while black points correspond to “early neutrinos” (t∗ < 0). (For 
interpretation of the references to color in this ﬁgure legend, the reader is referred 
to the web version of this article.)
probability this criterion for handling multiple candidates intro-
duces no bias (see below).
Another issue reﬂected by Table 1 comes from the fact that for 
only 3 of the GRBs involved in this analysis the redshift is known. 
We must handle only one short GRB of unknown redshift, and 
we assume for it a redshift of 0.6, which is a rather reasonable 
rough estimate for a short GRB (but we shall contemplate also val-
ues of 0.5 and of 0.7). For some of our long GRBs we do have a 
redshift determination and we believe that consistently with the 
hypothesis here being tested one should use those known values 
of redshift for obtaining at least a rough estimate of the redshift of 
long GRBs for which the redshift is unknown. This is illustrated by 
the 9 GRB-neutrino candidates marked by an asterisk in Table 1: 
those 9 candidates include 8 long GRBs, 2 of which have known 
redshift, and we assign to the other 6 long GRBs the average z¯ of 
those two values of redshift (z¯ = 1.497). As it will be reported in 
the PhD thesis of Ref. [34], we have checked that our results do not 
depend strongly on the what is assumed about unknown redshifts, 
be it assuming that these redshifts follow the distribution of GRBs 
observed in photons or simply assuming different values of z¯. We 
shall document a bit of this insight here below, by providing our 
results both assuming this criterion of the z¯ and assuming simply 
a redshift of 2 for all long GRBs of unknown redshift. We feel that 
estimating a z¯ from the “data points” is the only reasonable way 
to proceed, since we do not expect that the redshift distribution 
of GRBs observed also in neutrinos should look much like the red-
shift distribution of GRBs observed only in photons. However we 
imagine that some readers might have been more comfortable if 
we assumed for our long GRBs of unknown redshift the average 
value of redshift of GRBs observed in photons, which is indeed of 
about 2.
Having speciﬁed these further prescriptions, we can proceed 
to compute the correlation between |t∗| and energy for our 9 
GRB-neutrino candidates. Because of the fact that for some of our 
neutrinos there is more than one possible GRB partner we end up 
having 18 such values of correlation, and remarkably they are all 
very high: the highest of these 18 values is of 0.951 (the corre-
sponding 9 neutrino-GRB pairs are highlighted by an asterisk in 
Table 1 and are shown in Fig. 2), and even the lowest of these 
18 values of correlation is still of 0.802. In Table 2 we show how 
the evaluation of the maximum correlation for our 9 GRB-neutrino 
candidates would change upon replacing our z¯ with a redshift of 
2, for long GRBs, and upon replacing the value of 0.6 we assumed 
for the redshift of the short GRB in our collection with 0.5 or 0.7.Table 2
Adopting our “z¯ criterion” for long GRBs whose redshift is not known and z=0.6 
for short GRBs one gets as maximal correlation for our data the impressive value 
of 0.951. Here we show how this estimate changes if one assigns to short GRBs 
the alternative values of redshift of 0.5 and 0.7 and/or one replaces our z¯ with a 
redshift of 2.
zlong = z¯ zlong = 2
zshort = 0.5 0.958 0.953
zshort = 0.6 0.951 0.960
zshort = 0.7 0.941 0.964
The class of quantum-spacetime scenarios we are considering 
predicts a non-vanishing (and possibly large) correlation, and we 
did ﬁnd on data very high values of correlation. This in itself 
however does not quantify what is evidently the most interest-
ing quantity here of interest, which must be some sort of “false 
alarm probability”: how likely it would be to have accidentally data 
with such good agreement with the expectations of the quantum-
spacetime models here contemplated? We need to estimate how 
often a sample composed exclusively of background neutrinos6
would produce accidentally 9 or more GRB-neutrino candidates 
with correlation comparable to (or greater than) those we found 
in data. We do this by performing 105 randomizations of the times 
of detection of the 21 IceCube neutrinos relevant for our analysis, 
keeping their energies ﬁxed, and for each of these time random-
izations we redo the analysis just as if they were real data. Our 
observable is a time-energy correlation and by randomizing the 
times we get a robust estimate of how easy (or how hard) it is for 
a sample composed exclusively of background neutrinos to pro-
duce accidentally a certain correlation result. In the analysis of 
these ﬁctitious data obtained by randomizing the detection times 
of the neutrinos we handle cases with neutrinos for which there 
is more than one possible GRB partner by maximizing the correla-
tion, in the sense already discussed above for the true data. We ask 
how often this time-randomization procedure produces 9 or more 
GRB-neutrino candidates with correlation ≥ 0.951, and remarkably 
we ﬁnd that this happens only in 0.03% of cases.
In Table 3 we report a preliminary investigation of how this 
result of a 0.03% false alarm probability depends on the assump-
tions we made for redshifts. Table 3 is in the same spirit of what 
was reported in our Table 2 for the estimates of the correlation. 
Each entry in Table 2 recalculates the false alarm probability just 
like we did above to obtain the result of 0.03%, but now consid-
ering some alternative possibilities for the assignment of redshifts 
to GRBs whose redshift is actually unknown. Once again for long 
GRBs we consider two possibilities, the z¯ discussed above and red-
shift of 2, while for short GRBs we consider values of redshift of 
0.5, 0.6 and 0.7. Table 3 shows that our false alarm probability does 
not change much within this range of exploration of the redshift 
assignments.
Our next objective is to see how things change if one is “un-
reasonably conservative” in assessing the implications of our pre-
scription for handling cases where there is more than one possible 
GRB partner for a neutrino. We are proposing that one should ad-
dress this multi-candidate issue in the way that maximizes the 
correlation, and this evidently introduces some bias toward higher 
values of the correlation. However, as already stressed above, when 
we randomize (ﬁctitious) detection times we handle the multi-
candidate issue in exactly the same way, by maximizing the corre-
6 Consistently with the objectives of our analysis we consider as “background 
neutrinos” all neutrinos that are unrelated to a GRB, neutrinos of atmospheric or 
other astrophysical origin which end up being selected as GRB-neutrino candidates 
just because accidentally their time of detection and angular direction happen to ﬁt 
our selection criteria.
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Adopting our “z¯ criterion” for long GRBs whose redshift is not known and z=0.6 
for short GRBs one gets a false alarm probability of 0.03%. Here we show how this 
estimate changes if one assigns to short GRBs the alternative values of redshift of 
0.5 and 0.7 and/or one replaces our z¯ with a redshift of 2.
zlong = z¯ zlong = 2
zshort = 0.5 0.03 % 0.04 %
zshort = 0.6 0.03 % 0.02 %
zshort = 0.7 0.04 % 0.01 %
Table 4
Adopting our “z¯ criterion” for long GRBs whose redshift is not known and z=0.6 
for short GRBs one gets as minimal correlation for our data a still high value of 
0.803. Here we show how this estimate changes if one assigns to short GRBs the 
alternative values of redshift of 0.5 and 0.7 and/or one replaces our z¯ with a redshift 
of 2.
zlong = z¯ zlong = 2
zshort = 0.5 0.844 0.869
zshort = 0.6 0.803 0.849
zshort = 0.7 0.751 0.822
Table 5
Adopting our “z¯ criterion” for long GRBs whose redshift is not known and z=0.6 
for short GRBs we obtain an “unreasonably conservative estimate of the false alarm 
probability” which is still only 1.0%. Here we show how this estimate changes if 
one assigns to short GRBs the alternative values of redshift of 0.5 and 0.7 and/or 
one replaces our z¯ with a redshift of 2.
zlong = z¯ zlong = 2
zshort = 0.5 0.7 % 0.6 %
zshort = 0.6 1.0 % 0.6 %
zshort = 0.7 1.5 % 0.8 %
lation, so that overall there is no bias for the false alarm prob-
ability. It is nonetheless interesting to notice that one still ob-
tains a rather low false alarm probability even when comparing 
the minimum correlation for our true data to the maximum cor-
relation for the ﬁctitious data obtained by randomizing neutrino 
detection times. So we now ask how often the ﬁctitious data ob-
tained by randomizing neutrino detection times produce 9 or more 
GRB-neutrino candidates with correlation ≥ 0.803 (0.803 being, as 
noticed above, the lowest possible value of correlation for our true 
data), but for the ﬁctitious data we still handle cases with neutri-
nos having more than one possible GRB partner by maximizing the 
correlation. Even this procedure, which is evidently biased toward 
lower values of the false alarm probability, only gives a false alarm 
probability of  1%. Table 4 explores the dependence on assump-
tions for redshift of the value of 0.803 for the lowest correlation 
obtainable from the true data, while Table 5 explores analogously 
the dependence on assumptions for redshift of our result for the 
“unreasonably conservative estimate of the false alarm probabil-
ity.”
4. Challenges for the interpretation of the data
In searching for evidence of quantum-spacetime effects on neu-
trino propagation our approach has the advantage of allowing to 
study at once a variety of scenarios, the scenarios obtainable by 
all sorts of combinations of values for η+ , η− , δ+ , δ− . This is 
due to the fact that positive correlation between |t∗| and E is 
expected whenever one or more of the parameters η+ , η− , δ+ , 
δ− are non-zero. Our approach performs very well in comparing 
the hypothesis “all the GRB-neutrino candidates actually are back-
ground neutrinos” to the hypothesis “some of the GRB-neutrino 
candidates truly are GRB neutrinos governed by Eq. (1) with one 
or more of the parameters η+ , η− , δ+ , δ− having non-zero value.” It does so in ways that are rather robust with respect to the as-
sumptions made about the redshift of the relevant GRBs and with 
respect to the presence of some background neutrinos among the 
GRB-neutrino candidates.
If it happens that the experimental situation develops positively 
for our scenario then one will of course be interested in estimat-
ing model parameters, i.e. comparing how well different choices of 
values of the parameters of the model match the available data. 
Our false-alarm probabilities are still not small enough to worry 
about that, but we ﬁnd appropriate to offer here some related ob-
servations, hoping that this will ignite a debate in the community 
on how the relevant challenges could be handled.
4.1. Challenges for handling background neutrinos
The role of background neutrinos in the correlation studies here 
proposed is not very troublesome. In absence of background neu-
trinos our correlation would take statistically-signiﬁcant values al-
ready with a few candidate GRB neutrinos, while in presence of 
a sizable contribution by background neutrinos one should ex-
pect our correlation to take statistically-signiﬁcant values only with 
larger numbers of GRB-neutrino candidates. The approach is ro-
bust against contamination by background neutrinos in the sense 
that this contamination only increases the amount of data needed, 
without affecting the strategy of analysis.
As mentioned, this is true only when comparing the hypothesis 
“all the GRB-neutrino candidates actually are background neutri-
nos” to the hypothesis “some of the GRB-neutrino candidates truly 
are GRB neutrinos governed by Eq. (1) with one or more of the 
parameters η+ , η− , δ+ , δ− having non-zero value.” However, if 
we ever get to the point of having a statistically-signiﬁcant value 
of the correlation we will want to estimate model parameters, 
and that task would be rather challenging in presence of a large 
amount of background neutrinos.
One could compare different models predicting our correlation 
by establishing how likely it would be to produce, with a given 
model, the actual value of correlation seen in data. This of course 
requires some estimate of the contamination by background neu-
trinos, since evidently a given model of the correlation expected 
for GRB neutrinos will ultimately give rise to different predictions 
for the observed correlation, depending on how many background 
neutrinos contaminate the sample. This is a severe challenge since, 
as already stressed above, for the type of analysis we are propos-
ing, one should consider as background neutrinos not only atmo-
spheric neutrinos (whose frequency at the energies here of interest 
is anyway not well known), but also cosmological neutrinos which 
do not originate from GRBs (or originate from GRBs which have 
not been observed).
4.2. LIV interpretation and neutrino splitting
If we ever get to the point of having a statistically-signiﬁcant 
correlation, its interpretation in terms of models (and values of 
model parameters) will not only require appropriate handling of 
background neutrinos but also some carefulness with relativistic 
issues. We illustrate this point ﬁrst for the scenario in which the 
effects here contemplated are manifestations of a loss of relativis-
tic invariance, a so-called “LIV scenario” (LIV standing for Lorentz 
Invariance Violation).
Such a LIV interpretation would introduce some challenges par-
ticularly in presence of early neutrinos, neutrinos being detected 
before the associated GRB. In LIV scenarios with neutrinos trav-
eling faster than photons, governed by (1), one ends up having 
a picture in which the neutrinos cannot propagate freely from a 
given source to a given distant detector, at least not in general. 
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along the way7 by emitting electron–positron pairs, or by splitting 
into 3 neutrinos [19,35]. Of course, in the case of neutrino splitting 
we would be observing one of the 3 neutrino “daughters” pro-
duced along the way by the mother neutrino emitted at the source. 
Depending on how frequent such splits are, we might be seeing 
a granddaughter or a grand-granddaughter (and so on...) of the 
mother neutrino emitted at the source. As discussed in Ref. [19]
this “neutrino splitting” should play a more signiﬁcant role than 
electron–positron-pair production by the neutrinos.
Imagine then for simplicity a case when all neutrinos are early 
neutrinos, such as the case described by our model for η+ = η− <
0 and δ+ = δ− = 0. In absence of neutrino splitting this would 
imply that all GRB neutrinos are observed with a negative t∗
and with values of |t∗| that grow linearly with the observed en-
ergy. But, in presence of neutrino splitting, a neutrino observed 
with energy E would have traveled most of the time with energy 
signiﬁcantly greater than E , so that, particularly for neutrinos of 
lower energies, one would expect the relationship between |t∗|
and energy to be affected by departures from the linear behav-
ior, possibly large departures. In principle the departures could be 
high enough to reduce signiﬁcantly our correlation, giving rise to 
“false-negative results” for our correlation-based test of hypothe-
sis (the correlation would be found to be small not because |η+|
and |η−| are small but rather because there are large neutrino-
splitting effects). However, the impact of neutrino-splitting on our 
analysis is bigger at lower energies, so one could avoid the false-
negative results by focusing on neutrinos of higher energies. For 
example, as more of our GRB-neutrino candidates are accumulated 
by IceCube, we might reach a situation in which the value of the 
correlation between 60 and 500 TeV is not at all statistically signif-
icant, while the value of the correlation between 200 and 500 TeV 
is very signiﬁcant statistically; that would be a situation favoring 
an interpretation in terms of neutrino splitting.
In scenarios in which all neutrinos are late neutrinos (traveling 
slower than low-energy photons), splitting and electron–positron 
pair production are not possible. An interesting situation arises if 
some neutrinos are early and some neutrinos are late, a case we 
can contemplate by assuming within our model that η+ > 0 and 
η− < 0 (still with δ+ = δ− = 0, for simplicity). If the observed neu-
trino is characterized by η+ , but that neutrino originates from a 
process of neutrino splitting of a mother neutrino characterized by 
η− , we would have not only that the energy of the observed neu-
trino is lower than the energy of the mother neutrino, but also 
that the total travel time would be composed of a portion of the 
trip with a neutrino traveling faster than light, followed by a sec-
ond part of the trip made by a neutrino traveling slower than light. 
Partial cancellation of the overall effect would be possible in such 
cases. And one should keep in mind that there might be more than 
one process of neutrino splitting along the way. Also in this case 
the implications of neutrino splitting would be naturally stronger 
a lower energies, and one could achieve a certain degree of im-
munity to the implications of neutrino splitting by focusing on the 
GRB-neutrino candidates of highest energies.
In summarizing the points made in this subsection, we ﬁrst 
observe that the interpretation in terms of a LIV scenario with 
exclusively late neutrinos should be relatively unproblematic. Our 
data analysis however found 4 early GRB-neutrino candidates, so 
it tentatively invites one to contemplate LIV scenarios with at 
least some early neutrinos, and in that case neutrino splitting (and 
electron–positron-pair production by neutrinos) should be taken 
7 We are grateful to an anonymous referee who encouraged us to comment on 
the role of neutrino splitting and electron–positron-pair production.into account. Neutrino splitting would ﬁrst of all manifest itself as 
a neutrino spectrum unusually tilted toward lower energies, and 
with our correlation becoming stronger at higher energies. If these 
features are ever found, one should then proceed to test models 
that explicitly make room for neutrino splitting, producing predic-
tions for the correlation (and its associated energy dependence) by 
suitable simulations that take into account the relevant decay pro-
cesses and their probabilities of occurrence (mean free path).
4.3. DSR interpretation and the Cherenkov effect
A much studied alternative to the LIV scenario is the interpre-
tation of the effects here contemplated within a “DSR-relativistic 
scenario” (DSR standing for Doubly Special Relativity). This is a 
possibility that was ﬁrst proposed in Refs. [36,37] (also see the 
follow-up studies in Refs. [38,39]), and describes the departures 
from standard relativistic laws not as the result of the presence 
of a preferred frame, but rather as the manifestation of new laws 
of transformation among observers, within a framework which is 
still fully relativistic (no preferred frame). Such theories have two 
non-trivial relativistic invariants, not only the “speed-of-light scale” 
(which in DSR exclusively has the role of speed of massless parti-
cles in the infrared limit), but also a energy scale characteristic of 
the new effects.
It is well-established (see, e.g., Ref. [40] and references therein) 
that in these novel relativistic theories processes like neutrino 
splitting and electron–positron-pair production by neutrinos are 
kinematically forbidden. Therefore the challenges discussed in the 
previous subsection for the LIV-scenario interpretation would not 
have to be faced when exploring a DSR-relativistic interpretation.
We should mention however that the development of quantum 
ﬁeld theories with DSR-relativistic symmetries is still rather pre-
liminary. This might be relevant for example in light of the fact 
that IceCube is a Cherenkov detector. At the present level of under-
standing of DSR-relativistic quantum ﬁeld theories one is unable 
to establish rigorously that the Cherenkov effect is unaffected (or 
negligibly affected) by the new features. Since the DSR-relativistic 
scenario has been found to introduce in many ways rather smooth 
departures from an ordinarily relativistic theory (smoother than in 
a LIV scenario), it is natural to expect that nothing much would 
change for phenomena like the Cherenkov effect involving neutri-
nos of energy not higher than 500 TeV (very small in comparison 
to the scale characteristic of the new effects). However, if at some 
point the type of properties contemplated for neutrinos in this 
manuscript ﬁnds stronger support in data, one should assign a very 
high priority to the challenge of describing a Cherenkov detector 
within the DSR-relativistic framework.
4.4. A simple-minded analysis
As clariﬁed in the other parts of this section, the interpreta-
tion of a possible statistically-signiﬁcant correlation of the type 
here proposed would be challenging and should take into account 
several factors. The current situation, while intriguing, does not 
impose yet any such interpretation. Still, in closing this section we 
do ﬁnd appropriate to offer at least a rudimentary attempt of in-
terpretation of the data, as they are now, mainly as an excuse for 
seeing in action some of the issues discussed in this section.
We start by noticing that the data reported in Fig. 2 evidently 
provide some support for a linear correlation between |t∗| and 
energy. Looking in greater detail at the data reported in Fig. 2 one 
cannot fail to also notice that they support a linear dependence of 
|t∗| on energy more strongly at higher energies and less strongly 
(with more spread) at lower energies. This can be quantiﬁed by 
noticing that the correlation of the 5 data points of Fig. 2 of highest 
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for all 9 points.
Since the results of our whole analysis are only preliminar-
ily encouraging, evidently at present one should not attach much 
signiﬁcance to this more reﬁned feature of the strengthening of 
the correlation at higher energies. It is however a useful exercise 
to contemplate it. In particular, it is interesting that more than 
one of the issues mentioned in this section could be responsi-
ble for such a feature. We already stressed that neutrino splitting 
is expected to produce something of this sort, with the correla-
tion becoming stronger at higher energies. Also the presence of 
background neutrinos could produce such a feature, since surely 
background neutrinos are more abundant at lower energies. More-
over, the same feature could also be produced accidentally even in 
absence of neutrino splitting and in absence of background neutri-
nos, as a result of the fact that for most of our candidate GRB 
neutrinos the redshift of the relevant GRB is to a large extent 
unknown (effectively introducing a possibly large uncertainty in 
the values attributed to |t∗|). We want to give support to this 
later claim within a simpliﬁed analysis: we assume η+ + η− = 0, 
which is reasonably consistent with the fact that in Fig. 2 one sees 
about an equal number of candidate “early neutrinos” and candi-
date “late neutrinos”, and we further restrict our attention to the 
case δ+ = δ− , so that we must only be concerned with the param-
eters η+ and δ+ (with then η− = −η+ , δ− = δ+). We want to see 
if, adopting these restrictions, one could reasonably describe the 
features shown in Fig. 2 exclusively in terms of Eq. (1) and taking 
into account the uncertainties on GRB redshifts, without allowing 
for neutrino splitting and without making room for any contribu-
tion by background neutrinos.
As a ﬁrst step we make the further optimistic assumption that 
the estimates of GRB redshifts given in Table 1 are exact, and that 
points in Fig. 2 fail to be on a straight line exclusively because 
of the effects of the parameter δ+ (and δ− , with δ− = δ+). We 
observe that then one has a rather good ﬁt with |η+| = 22 ± 2 and 
δ+ = 6 ± 2.
Next we perform a Bayesian analysis to derive posterior distri-
butions of unknown parameters. We handle as unknown parame-
ters not only the parameters of our model, |η+| and δ+ , but also 
the standard deviation δz of the normal distribution that we tenta-
tively assume to describe the redshift distribution of long GRBs ob-
served also in neutrinos. As mean value of this normal distribution 
we take 1.497, following the argument discussed in the previous 
section. For the redshift distribution of short GRBs observed also 
in neutrinos (which is relevant for only one of our GRB-neutrino 
candidates) we simply assume a normal distribution with mean 
value 0.6 and standard deviation of 0.2. In order to evaluate the 
marginalized posterior probability density functions of the param-
eters |η+|, δ+ and δz we use the Markov chain Monte Carlo tech-
nique, with uniform priors with ranges 0 ≤ |η+| ≤ 50, 0 ≤ δ+ ≤ 10
and 0 ≤ δz ≤ 1. Uncertainties for the energies of the neutrinos (see 
Ref. [22]) were also taken into account. This Bayesian analysis de-
termines δz to be δz = 0.45 ± 0.17, and for the parameters of our 
model gives |η+| = 23 ±2, δ+ = 4.7 ±1.5, which is consistent with 
what we had concluded in the previous paragraph (|η+| = 22 ± 2, 
δ+ = 6 ± 2) on the basis of more simple-minded considerations.
The fact that this analysis assigns a relatively small value to 
δ+ and a relatively small value to δz implies that the presently 
available data could be described within the model here adopted 
even without advocating a role for background neutrinos and/or 
for neutrino splitting. This of course may well change as more data 
are accumulated by IceCube, particularly if the feature of sharper 
correlation at higher energies becomes more pronounced.5. Outlook
As mentioned, our work took off from the analogous study re-
ported in Ref. [18], with additional motivation found in what had 
been reported in Ref. [19]. We looked within IceCube data from 
June 2010 to May 2014 for the same feature which had been al-
ready noticed in Ref. [18], in an analysis based on much poorer 
IceCube data for the period from April 2008 to May 2010. The 
study of Ref. [18] was intriguing but ultimately appeared to be lit-
tle more than an exercise in data-analysis strategy, since it could 
only consider 3 neutrinos, none of which could be viewed as a 
promising GRB-neutrino candidate. The 109-TeV event considered 
in Ref. [18] could be easily dismissed as likely the result of a 
cosmic-ray air shower, and the other two neutrinos were of much 
lower energy, energies at which atmospheric neutrinos are very 
frequent. Yet what we found here is remarkably consistent with 
what had been found in Ref. [18]. Particularly the 109-TeV event 
would be a perfect match for the content of our Fig. 2, as the in-
terested reader can easily verify. We chose to rely exclusively on 
data unavailable to Ref. [18], IceCube data from June 2010 to May 
2014, and on these new data alone the feature is present very 
strongly, characterized by a false alarm probability which we es-
timated fairly at 0.03% and ultraconservatively at 1%. We feel this 
should suﬃce to motivate a vigorous program of further investiga-
tion of the scenarios here analyzed.
Particularly over these last few decades of fundamental physics, 
results even more encouraging than ours have then gradually faded 
away, as more data was accrued, and we are therefore well pre-
pared to see our neutrinos have that fate. We are more conﬁdent 
that our strategy of analysis will withstand the test of time. The 
main ingredient of novelty is the central role played by the correla-
tion between the energy of a neutrino and the difference between 
the time of observation of that neutrino and the trigger time of a 
GRB. The advantage of focusing on this correlation is that it is ex-
pected in a rather broad class of phenomenological models of par-
ticle propagation in a quantum spacetime, which was here sum-
marized in our Eq. (1). Moreover, by analyzing a few representative 
cases of simulated data we ﬁnd [34] that such correlation studies 
are rather robust with respect to uncertainties in the estimates of 
the rates of background neutrinos, and this could be valuable: ex-
trapolating to higher energies known facts about the rate of atmo-
spheric neutrinos is already a challenge, but for analyses such as 
ours one would also need to know which percentage of cosmologi-
cal neutrinos are due to GRBs, an estimate which at present is sim-
ply impossible to do reliably. Comparing for example our approach 
to the strategy of analysis adopted in Ref. [18] one can see imme-
diately that the strategy of analysis adopted in Ref. [18] is inappli-
cable when δX = 0 (whether or not ηX = 0). When ηX = 0, δX = 0
we ﬁnd [34] that our approach and the approach of Ref. [18] per-
form comparably well if the rate of background neutrinos is well 
known, but ours is indeed more robust with respect to uncertain-
ties in the estimates of the rates of background neutrinos.
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